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Consideration is given to the stability of periodic solutions of quasi-
linear autonomous systems for which the equation of fundamental ampli-
tudes has multiple roots. In this case the periodic solutions can be re-
presented in the form of series in integral, as well as fractional,
powers of a small parameter.

1. Let us consider the oscillatory system

& d
& TP = (x o u) (1.1)

The function f(x, z, W) is assumed to be analytic in its arguments
in some region of their variation; the parameter p is small and positive.
When p = 0, a solution of the generating equation is

2o (1) = Aq cos pt 1.2)

The initial conditions for the system (1.1) can be taken (im view of
the autonomous nature of our system) as

x (0) = Ao + B, z(0)=0 (1.3)
where B is a function of p which vanishes when p = 0.
The solution of the equation (1.1) can be expressed in the form (1]

1 #C,

o] . aCn
2 (2, Ao + B, 1) = (4o + B) cos pt + 21[0,1 O+ 5B+ 5 ot

Bt .. .]p‘" (1.4)
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Here the function Cn(t) is determined by the formulas (1.5)
t
1 . -1
Cn(t)=—Slln(tl)smp(t—tl)dt,, H, () = 11!(1' f)
P (n— DI\ gyn
The oscillation period of the autonomous system depends on the para-
meter p

B=p=0

T =T+ a, To=2x/p (1.6)

where a is a function of p that vanishes when pu = 0. From the condition
of periodicity of the derivative x(t) one can find the function a =
a(Ay t P, w). Substituting this function into the condition for period-
icity of x(t), we obtain the equation for the determination of the
fundamental amplitudes 4,
T,
My =C, (To) = — _:)_ S f (%o, o, O) sin pt dt = 0 “mn
0
and also the equation that determines P as an implicit function of p

1 3C, 0M,

D (B, p) = B+MIP'+ i aAo’B +aAoBP+ Map® +
1 #C 1 M, oM.
+5 ,,Ao’,a + 3 5ag B+ g4, B+ Mot (1.8)

Hereby it is assumed that C (T ) does not vanish identically. The
values of the quantities Mn for n =2, 3, 4, are given* in the work [1]

In the case of multiple roots of the equation (1.7), the function
(1), and hence also the periodic solutions x(t), will be expressed in
the form of series in integral as well as fractional powers of the para-
meter p. We have

(o]
B= D) A, m"* k=1,2,3,...) (1.9)

=)

In [1] there is considered the construction of the periodic solutions
for a number of cases of double and triple roots of the equation (1.7).
Hereby, the denominator of the fraction in the exponents of u for double
roots can take on the values ¢ = 1, 2, while for triple roots the
values of %k are 1, 2, and 3.

2. Let us consider the stability of the periodic solutions of the
equation (1.1) for double and triple roots of the equation of fundamental

* In [1], the term - k‘AoNl‘/a is omitted in the formula for M‘.
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ampl itudes. The variational equation for the system (1.1) is

dy df dy . of
m-n St (F—ugg)y=0 (2.1)

\

where x(t) is some periodic solution of the equation (1.1).

The equation (2.1) is an equation with periodic coefficients. This
equation has two particular solutions yl(t) and yz(t) which form a
fundamental system [2] of solutions

d .
w0 =22, wo=1 HO=0

. . . 2.2)
==z, $20)=0 %0 ==z(©0)

The characteristic equation for the variational equation has the
form

p—24p 4+ B =10 (2.3)
where
y 1 . ]
= +28 b LM —wOam @
v (0) v )

Since the particular solution y9(t) of the variational equation is
periodic, one of the roots of the characteristic equation (2.3) is
Py = 1. Hence

Pl=2A-—‘1=B

Note. In the investigation of the stability of the periodic solutions
of non-autonomous systems, the sign of the quantity 24 — B - 1 plays an
important role [2]. For autonomous systems this quantity is zero.

If we substitute for the quantity 24 its expression from (2.4) and
(2.2), we obtain

Pr = 0z (T) [ 4o (2.5)

According to the theorem of Andronov and Vitt, the periodic solutions
of an autonomous system with one degree of -freedom will be stable if

pp <1 (2.6)

As was mentioned above, for double and triple roots of the equation
(1.7) the periodic solutions of the system (1.1) can be represented by
series in powers of p, ul/z and “1/3. Let us compute the expansion
ax(T)/aA0 as power series in u1/2 and u1/3. The expansion in while

powers of u can be obtained as a particular case from the expansion in
1/2
u .
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We shall make use of the notation of the work [1], and write

1 o"C 1 M
P,(4,) =221 g 1 4,71
n () n! g4." ' +(n-—1)! 34," 1 AT A My -
(2.7
1 P t 9™ lp —
(Ag) = = 3 44" 3 4,"1
Qn (A2) Ny 1 +(n—1)l A A"+ Py,

After laborious derivations we obtain the expansion in ul/z.

01'(T)_1 a’Cl 3y Py 1 a‘Cl 0’01 .
aAo +6A0P+6A'A|F +(641+26A’A'/')P"+ (OT‘)’A./’—*_”.)H/:_{"
(g Aah S B (T A S At )W @8)
3Cy Qs 1a°c AP o
+ (E_AT,' btimTe aA18 Ay )“‘+ (aA ’A”-+aA oA n T ')“ to

The omitted terms in the coefficients of the expansion (2.8) contain
as factors A1/2' and in the last coefficient A1/2 and A3/2.

Realizing that the expansion Bx(13/aao as a series in p1/3 is of

interest only when there are triple roots (and roots of higher multi-
plicity) of the equation (1.7), we set

aC, _ PC, _
34, A

We obtain

az (T) _ G’C UA aM 1 #C, "

<8Pa+ ) ‘+...+(16'C‘A./’+...) l'/,+(6'P:A +8P4+ )P‘+

34, Z 9ds 343
1@01 3 “/s
+(2aA,A.+ ) +... (2.9)

The omitted terms contain as factors An/3 with fractional indices
which weve already included in the preceding coefficients.

In what follows we shall assume that the parameter p is so small that
the signs of the sums of the series appearing in the right-hand parts of
the formulas (2.8) and (2.9) after the number one, are determined by the
first nonvanishing term.

All the cases considered in the article [1) are 1isted in the table,
which shows for each case the form of the series (1.9), the coefficients
with which these series start, and the corresponding conditions of sta-
bility. Therein the case 1 corresponds to simple roots, the case 2 to
double roots, and the case 3 to triple roots of the equation of
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fundamental amplitudes (1.7). The various branches of the function P(u)
are denoted by B(l), B(z) and B

We note that in the case of double roots, the equation (1.8), with
My = 0, can be transformed with the aid of the substitution p = (Al-fy)u
into the equation

9%C, 72 4 9Ps oP3

ap,I
T"'P‘“"zaAﬂ 4,

W+ Pptd...=0 (2.10)
Hereby the coefficient Al is determined by means of a quadratic equa-
tion P2(A1) = 0.

Analogously, in case of triple roots, the equation (1.8) can be
transformed, when M, = 0, 3M2/340 =0, and M; = 0, by the same substitu-
tion into

apa 1 %P3

2 84,%

7+ Pt 5 e

T+ ST + Pypit...=0 2.11)
The coefficient Al is determined in this case by means of a cubic

equation P3(A1) =90

3. Let us first consider the characteristic cases when the equation
(1.7) has double roots. Now the first coefficients of the expansion of
the quantity P are determined from quadratic equations. Therefore there
may exist either two solutions with real coefficients or none.

Let us take the case 2. 1, when M # 0. In this case the coefficient
Al/z is determined from the quadratic binomial equation [1]

1 8,

0+ M= 0

If the roots of this equation are real then they can differ only in
sign. The condition of stability takes the form

Ay 3C,{ 045 < 0

If M = 0, then A 1/2 = 0, and the coefficient A is determined from
the quadratlc equation P (Al) = 0. As explained in the article [1]
solution in the form of a series in p 1/2 is obtained only in the case
when this equation has multiple roots Al(l) = A1(2). Then the coeffi-
cient A3/2 will be determined from a quadratic binomial equation which
is similar to the equation for Al 2° The condition for stability in
this case will be A3/2320 /aA 2 < 0. For the various branches of the
function P(u) we have the expansions

BY = A + Ay’ + 4Vp2 L, B = A — 4, w4 @ (B
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TABLE
Various Coefficients of v Coefficients of Conditions of
cases the equation (1.8) the equation (1.9) stability
ac,
0*C,
2. 1 My=+40 2 A,h#() mz‘l./z<0
P, OP,
2.2.0) | My=0, z-%0 [1| 4y,=0 AD+4" 5, <0
apP, 0C,
b) | a4, =0 Pa#0 2| AW=A® 4,40 | G554, <0
2 3Q,
Ps=0, ag: +0 14,0 = 4,@ 4,0 £ A, A <0
c) 4Q, A, =0, AW = 4,2 3C,
— /, ’
o4, = 0, Qs=+0 2 ] A% 40 345 A% <0
etc.
a3C,
3.1 My#0 3 4,,#0 a4, <0
*c o
M, 2 Ay, #0 §As <
3.2 M, =0, 3‘4—0#0 { oM,
1 A,/‘=0, A1=‘£0 m<0
M *C,
3.3 aA: =0, Ms=£0 |3 A, =0, A, 0 g <0
apP dP;
3.4 My=0, a—A“l;go 1 A, — various g, <Y
_ _ (2) 2D
oP; 4, =0, 4N =a 9Py
3.5 a) E:O' P40 2 / Aav’.z#:o dA]:AJ,'Z<U
. 0Q;
Py =0, % #0 |1 A4M =19 AW A ‘ o, <V
. 2
b) o
) Lo AW a® | e
ag: =0, Q0 |2 A, +0 g Ay, <O
etc. ‘
. 3P , AN = 4@ = 4@ P
5.6.(1) 8712-_:0’ p‘__#o 3 1 A‘,,Jl:ﬁ() 1 3A03<0
( AW = 4,2 = 4@ 3*Cy (
: s <0
2P, {| 2 1 Ay 40 das <
b) P‘ = 01 5:{_' #‘: 0 (’_iP‘ R
' ]l i 4y, =0, A0 74, <Y
aP, - P*C
C) 6_1 :0, 1’5#:0 3 Aa/;,—()o /lil":#() !)/403<0

etc.




Stability of periodic solutions 843

Analogously, if A3/2 = 0, then the expansion in terms of u1/2 will
exist only under the condition that Az(l) = Az(z) and so on We note that
if any one coefficient with a fractional index An/2 # 0, then all
successive coefficients are determined from linear equationms.

Thus, if the equation (1.7) has a double root the solution is repre-
sented by a series in powers of u1/2 if the first unequal coefficients
An/2 have fractional indices. Hereby the condition of stability will
have the form

Ay, #C1/ 042 < 0 (3.2)

where An/2 is the first non-zero coefficient with a fractional index.
Since

1) e 2
A (2)"‘—"411,/(2)

n/
one of the solutions is stable, while the other one is unstable.

Now we consider the case 2. 2. a) when M2 = 0 and hence, A1/2 =0,
while the quadratic equation P2(A1) = 0 has simple real roots. In this
case the condition for stability is the inequality aPz/aA1 < 0. If,
however, the roots of the equation P2(A1) = 0 happen to be multiple
ones, and if A3/2 = 0, while the roots of the quadratic equation
Qz(Az) = 0 are simple, then the condition for stability will be
3Q,/04, < 0. Hereby,

B = Ay 4 AW 4 .., B® = ap + 4P+ ... (3.3)

The subsequent coefficients An will be determined from linear equa-
tions.

Thus, if in case of double roots of the equation (1.7), the first
distinct coefficients An/2 appear with integer powers of p, then the
periodic solutions will be represented by series with integral powers
of y, and the condition of stability will have the form

W/ dA4s < 0 (3.4)

where WZ(AS) = 0 is the first one of the quadratic equations for An
(n =1, 2, ...), which has multiple roots. Hereby one of the solutions
will be stable while the other one will be unstable.

Next we consider the characteristic cases when the equation (1.7)
has a triple root. Suppose that P can be expanded into a series in
powers of p'/3. An example of this case is 3. 1, when M, # 0. The coeffi-
cient Al/3 is determined by the binomial cubic equation [1]
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1 8C,

GaAaAll.s"*‘Mz——O

Such equations have one real root and two imaginary roots., Hence,
only one of the branches of P(u) will be real. If M2 = 0, then Al/3==0.
and for the determination of A 2/3 e shall have an analogous binomial
cubic equation P;(4,) = 0. The expansion of P in powers of pn 1/3 can
exist only when all roots of this equation are equal, i.e. when
?p /BA 2 = 0. The equation for the next following coefficient Ayss
w111 also be a binomial cubic equation. If A4/3 = A5/3 = 0, then for

the existence of an expansion in powers of u1/3 it is necessary that
the cubic equation Q,(4,) = 0 have all roots equal, and so on.

Thus, for the existence of a solution in the form of a power series
in u1/3 it is necessary that the first coefficients An/a, which are not
equal to each other, have a fractional index. The condition of stability
in this case will be

3C1/0A40° < 0 (3.5)

Let us now consider the case in which two branches of the function
B(p) are represented by series in ul/z, while one branch is given in
integral powers of y. As an example we may take the case 3. 2, when
M, = 0, and OM,/0A; # 0. For the determination of A,y We have the equa-
tion

(3 S

This equation determines two equal roots and one zero root. There
will exist either three real branches of the function B(p) or one branch.
The condition will be

1 6’C,A [ aMi 0
2 348 + Ao<
for the first two branches.

This condition reduces to (3.5) if one takes into account the equa-
tion for the coefficient 41/2.

For the branch with A1/2 = 0, we have a different condition of sta-
bility

My [ 040 < 0 (3.6)

From the condition that A be real it follows that the quantities

1/2
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which stand on the left-hand sides of the inequalities (3.5) and (3.6)
have different signs. The branch of the function B(w), with Alfz =0,
which is representable by a series in integral powers of u will lie be-
tween the other two branches. An analogous example is the case 3. 6. b),
where

4y, =0, 40 = 4,0 = 4,9

One can show that in this case the conditions of stability reduce to
the inequalities

#C1/840% < 0, OPy/8A; <0 (3.7)

whereby the quantities on the left-hand sides of these inequalities have
opposite signs, The first inequality applies to the branches of the
function P(y) which are representable as series in powers of ul/z, while
the second inequality is for the branch which can be represented as a
series in integral powers of pu. This branch is located between the other
two branches

B(l) =Ap+ A!/,!""/' +Ag(1)p,’ Foaa,
B® — A + AP L 3.8
B = Ay — A, p"h+ 4,2 L

In these and in similar cases, the solutions in the form of series
in pl/z will be simultaneously stable or unstable, while the sclutions
in the form of series in integral powers of p will have opposite natures
in regard to stability.

An example, which is analogous to those considered above in the
analysis of expansions in powers of u1/2 for double roots of the equa-
tion (1.7), is the case 3. 5. a), Here the condition of stability, for
the branches representable in series of powers of u1/2, are

A.,.awa/ 34,2 <0 3.9)
The second case 3. 5. b) is of the same nature,

Finally, there can occur cases in which all three branches of the
function P(p) are represented by series with integral powers of W, Such
an example is given by the case 3. 4, in which M2 = aMz/aAo = M3 =0,
while the cubic equation P3(A1) = 0 has three simple real roots. The
condition of stability will be

Py /34, < 0 3.1

The stability and instability of the branches will, obviously,
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alternate.

A second example is the subcase of the case 3. 5. b). Here one of
the roots of the equation P3(Al) = 0 is a double root, but P‘ = 0 and
the equation 03(A2) = 0 have simple roots. In this case

3(1) — Ax(l)u + Azu)ps 4+ ...
B(z) _ Al(l)p_ + Az(z)pa 4+ ... (3.11)
B(a) = Al(s)p + Az(S)p.z + PP

and to the condition of stability (3.10) for the third branch one must
add the condition of stability for the two other branches

8Qs/ A3 < 0 (3.12)

We note that all equations, by means of which the first unequal co-
efficients An are determined, are nonlinear, while all succeeding euqa-
tions are linear.
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